Abstract: An order bounded functional on a Riesz space is a difference of Riesz homomorphisms if and only if the kernel of this functional is a Riesz subspace of the ambient Riesz space. An operator version of this fact is given.
This note answers the following question: Which close hyperplane in a Banach lattice is a Riesz subspace; i.e., a subspace closed under finite meets and joins? It turns out that each hyperspace with this property is exactly the kernel of the difference of some Riesz homomorphisms on the initial Riesz space. The starting point of the present article is the celebrated Stone Theorem about the structure of Riesz subspaces in the Banach lattice C(Q, R) of continuous real functions on a compact space Q (for instance, cp. [1, Theorem 10.8.10] ). This theorem may be rephrased in the above terms as follows:
Stone Theorem. Each closed Riesz subspace of C(Q, R) is the intersection of the kernels of some differences of Riesz homomorphisms on C(Q, R).
In view of this theorem we find it reasonable to refer to a difference of Riesz homomorphisms on a Riesz space X as a two-point relation on X.
We are not obliged to assume here that the Riesz homomorphisms under study act into the reals R. The theory of dominated operators includes the classical Meyer Theorem (see [2, § 3.3.1 (5)]) which reads as follows: Each order bounded disjointness preserving operator between Riesz spaces is a twopoint relation. An analogous theorem in a slightly more general setting was established by Abramovich, Arenson, and Kitover (cp. [3, § 5.4.1] ).
In what follows we will consider the general Riesz homomorphisms from X to an arbitrary Kantorovich (= Dedekind complete Riesz) space Y with base a complete Boolean algebra B.
So, let T : X → Y be an order bounded operator whose positive and negative parts are Riesz homomorphisms. Observe that for every band projection b ∈ B the operator bT , called a stratum of T , is a two-point relation on X and so the kernel of bT is a Riesz subspace of X. In fact, the converse is valid too. In other words, we have the following Main Theorem. An order bounded operator from a Riesz space to a Kantorovich space is a twopoint relation if and only if the kernel of its every stratum is a Riesz subspace of the ambient Riesz space.
The analysis below is rather transparent if we apply a well-developed technique of "nonstandard scalarization." This technique implements the Kantorovich heuristic principle and reduces operator problems to the case of functionals. To save room, using the facts of Riesz space theory and Boolean valued analysis we will presume the terminology and notation of [4] .
The sketch of the proof is as follows: Using the functors of canonical embedding and ascent to the Boolean valued universe V (B) , we reduce the matter to characterizing scalar two-point relations on Riesz spaces over dense subrings of the reals R. To solve the resulting scalar problem, we use one of the formulas of subdifferential calculus [5] which is known as Decomposition Theorem. Assume that H 1 , . . . , H N are cones in a Riesz space X. Assume further that f and g are positive functionals on X.
The inequality holds for all h k ∈ H k (k := 1, . . . , N ) if and only if to each decomposition of g into a sum of N positive terms g = g 1 + · · · + g N there is a decomposition of f into a sum of N positive terms
The above theorem was stated and proved in this form in [6] . Obviously, the Riesz space in this theorem may be viewed over an arbitrary dense subfield of the reals R. We note in passing that the results to follow are preserved in the general modules admitting convex analysis (cp. [5, Part I, § 2.3]).
Proof of the Main Theorem. We ought to demonstrate only the sufficiency part of the claim. So, let T be an order bounded operator from X to Y and the kernel ker(bT ) := (bT ) −1 (0) of each stratum of T is a Riesz subspace of X.
We start with "scalarizing" the problem. Without loss of generality, we may assume that Y is a nonzero space embedded as an order dense ideal in the universally complete Kantorovich space R↓ which is the descent of the reals R inside V (B) (cp. [4, Theorem 5.2.4 
]).
We further let X ∧ stand for the standard name of X in V (B) . Clearly, X ∧ is a Riesz space over R ∧ inside the Boolean valued universe V (B) . Denote by l := T ↑ the ascent of T to V (B) . Clearly, l acts from X ∧ to the ascent Y ↑ of Y in the sense of the Boolean valued universe V (B) . Therefore,
for all x ∈ X, which means in terms of truth values that
Straightforward calculations of truth values show that
This means that x, y ∈ ker(bT ). Hence, we see by condition that bT (x ∨ y) = 0. In other words,
Whence [[ker(l) is a Riesz subspace of
We may thus leave aside the original operator statement of the claim and restrict exposition to what happens to the nonzero functional l inside V (B) , neglecting all truth values.
Since l is an order bounded functional on X ∧ , we may present l as the difference of the two disjoint functionals l = l + − l − , where l + and l − are the positive and negative parts of l.
For convenience, we put f := l + , g := l − , and H := ker(l). It suffices to demonstrate only that l − is a Riesz homomorphism (this clearly leads to no loss of generality). The well-known criterion [2, Theorem 3.3.4 (1)] reads that a positive functional g is a Riesz homomorphism if and only if every positive functional less than g is proportional to g; i.e., the order interval with endpoints zero and g coincides with the straight line segment with the same endpoints; in symbols, [0, g] = [0, 1]g. In the operator case the role of the unit 1 belongs to the identity endomorphism of the range of g.
So, we take 0 ≤ g 1 ≤ g and put g 2 := g − g 1 . We may assume that g 1 = 0 and g 1 = g, since otherwise there is nothing left to prove. By condition, for all h 1 , h 2 ∈ ker(l) we have the inequality
